Abstract. The problem of finding the smallest order of a p-group of a given derived length has a long history. Nilpotent Lie algebra versions of this and related problems are considered. Thus, the smallest order of a p-group is replaced by the smallest dimension of a nilpotent Lie algebra. For each length t, an upper bound for this smallest dimension is found. Also, it is shown that for each t ≥ 5 there is a two generated Lie algebra of nilpotent class d = 21(2 t−5 ) whose derived length is t. For two generated Lie algebras, this result is best possible. Results for small t are also found. The results are obtained by constructing Lie algebras of strictly upper triangular matrices.
Introduction. Glasby in
considered the solvable length of subgroups of unipotent matrices U = U (n) of size n. In particular, given an integer t, what is the smallest matrix size, n, which supports a subgroup of U of length t. Clearly for U (n) itself, n = 2 t−1 + 1. Glasby then studies the problem when one restricts the number, r, of generators. When r = 3 or more, the same bound is found and it is best possible. The r = 2 case is also solved. There are similar kinds of problems which have long been investigated. A problem dating back to Burnside [1, 2] is to find the order of the smallest p-group which has length t. Substantial contributions to this and many more problems are found in [5] . Recent results and an excellent summary can be found in [3] . One also can seek the smallest nilpotent class for p-groups of fixed length t. Generally, the answer is 2 t−1 with U (n) providing an example. As above, this question can be posed with restrictions on the number of generators. In this work we discuss Lie algebra analogues to these problems. In some cases, stronger results no doubt exist.
Length in Two Generated
Lie Algebras. Let L = F [x, y] be the free Lie algebra on two generators x and y. Let L, L (1) , ..., L (n) be the derived series and L, L 2 , ..., L n be the lower central series for L. Recall that L has class n if the product of n + 1 elements is always 0 but there is a product of n elements which is not 0. L has length t if t is the smallest integer such that L (t) = 0. By a word in L of width n we mean a monic monomial in x and y with n factors. L n is all linear combinations of words of width n and greater. For each length t, let n t be the width of the shortest word in L (t−1) . Then the words in L (t) have width greater than or equal to 2n t .
Then L/L nt+1 has class n t and length t. When t = 2, n 2 = 2 and the word is We will show that the values in the second column in the table are met and, therefore, the smallest possible class for any 2-generated Lie algebra of length t appears in the second column of the above table.
Let A and B be matrices in T = T (n), the strictly upper triangular n by n matrices. In the following we enlarge matrices by the process now described. Suppose that A and A 1 are as in the last paragraph. Concatenate A and A 1 by enlarging A to a 2n − 1 by 2n − 1 matrix by adding n − 1 rows and columns of 0's to the bottom and right borders and enlarging A 1 by adding n − 1 columns of 0's to the top and left borders. Add these new matrices to get A . Thus an n by n E i,i+1 occurs in A if and only if a 2n − 1 by 2n − 1 E i,i+1 occurs in A and an n by n E i,i+1 occurs in x's, then either the (1, n) and (n, 2n − 1) positions for w(A , B ) or the (1, n) and  (n, 2n − 1) positions w 1 (A , B ) are 0.
Let T be the Lie algebra generated by A and B, two strictly upper triangular matrices of size n. Then T is the homomorphic image of L = F [x, y] where w(x, y) goes to w (A, B) . Hence the inequalities in 2.1 hold in T as well. We construct examples of T that show that these are equalities. Thus they are equalities in L and we have equalities for the smallest class for a 2-generated Lie algebra that will support a given solvable length. These are given in 2.1 with the replacement of the inequalities by equalities. For t = 4. In T (11), let A = E 3,4 + E 4,5 + E 6,7 + E 7,8 + E 10,11 and B = E 1,2 + E 2,3 + E 5,6 + E 8,9 + E 9,10 . Let
Theorem 2.5. For each t, there is a 2-generated Lie algebra of nilpotent class d whose derived length is t as in the following table. An example can be found in
Then w 10 (A, B) = E 1,11 . Therefore, t = 4, d = 10 and n = 11.
For t = 5. (A 3 , B 3 ).
Since A 3 and B 3 are strictly upper triangular matrices entering in a product with 42 terms, the only possible non-zero position is (1, 43) . From the t = 5 case, w 
On The Minimal Dimension For a Given Length
Hence the least n such that T has length t is n = 2 t−1 + 1 and dim T = (n+1)n 2
. We will reduce this dimension by taking a three generated subalgeba of T .
Let 
